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An Important issue In quantal response estimation problems considered 

by Mazzuchl and Slngpurwalla {1P82) Is the design of the experiment.    The 

objective there was to estimate the probability of response for a given 

stimulus, but due to the expense of the Items, testing has to be kept to a 

minimum.    As a continuation of the work by Mazzuchl and Slngpurwalla 

(1982), we address^this problem and presentja criterion for comparing 

several  designs that are of interest. 
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1.     INTRODUCTION 

The  U.S.  Army Kinetic Energy  Penetrator  problem has been de- 

scribed by Mazzuchi and Singpurwalla  (1982),  henceforth MS.    Their < 

objective was to estimate  the relationship between the striking velocity 

(the stimulus) and  the probability of penetration of a projectile.    This 

is a quantal response experiment in which the goal is to estimate the 

probability of response for a given stimulus. 

The strategy used to test the effectiveness of the penetrator is 

to fix an angle of  fire and then to fire the penetrator at different 

striking velocities.    After each firing,   the outcome,  success or failure, 

is recorded. 

The equipment used  in testing is  expensive,  and thus testing is 

kept  to a minimum.     Typically, an experimenter  is allowed a fixed  number 

of tests.     That  is,   a  fixed number of copies of  the penetrator can be 

tested at different  striking velocities.     Therefore,   designing the ex- 

periment  in an optimal way  is an important  issue.     In a quantal  response 

*■; 
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problum, the Investigator Is also Lntercsted in estimating the striking 

velocity (stimulus), say V  , at which the probability of penetration 

(response) is  u .  Thus, the experiment should be designed In a way 

that will provide the Investigator with a "good" estimate ot the V  , 

for a specified amount of testing. 

In this report, we attempt to present an approach that may be 

helpful In designing an experiment which addresses the objectives men- 

tioned above.  Due to the nature of the penetrator problem, interest 

generally centers around V „,  and V _,. , stimuli at which the prob- 

abilities of response are 0.05 and 0.95 , respectively.  In our anal- 

ysis, we will focus attention on the former. i' 

•. 

V 

2.     AN OUTLINh! OF THE  APPROACH !> 

Suppose  that   the  experimenter  is allowed   to  test     k    copies of 

the  penetrator at     k     distinct   levels of   the stimuli.     Our  goal  is  to 

select  the     k    distinct   levels of  stimulus  in a way   that will  provide 

us a  "good"  estimate  of • V  „,   . 
. u j < 

To estimate V _, , we first estimate the response curve based 

on the k distinct firings.  The approach discussed in MS is adepted. 

Let  V < V < ... < V  be k distinct levels of the stimulus. 

Since our aim is to select these  k distinct levels in an "optimal" 

way, different designs have to be considered in the analysis.  Because 

actual testing under the various designs is not practically feasible, 

our analysis is based on a simulation. 
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2.1     Simulation of  the  ResponseB •..-. 
' ' "" " •»'. 

The outcome of a test at  V   Is described by a binary variable . • 

X. , 1 - l,2,...,k , where  X - 1  If the target is defeated and X - 0 • 
1 1 i ■ fc •, 

otherwise.  To simulate the outcome X.  of a test at stimulus  V  , we "•-;' 

assume that we know the "true" probability of response at  V  , !V' 

1 - l,2,....k . • 

1-et    V,  < V_ <  . . .   < V,     be  the  selected  levels of  stimulus  for 
12k ;• ;■-. 

the experiment;   then     (V.,   V-,   ...,   V )     is  the selected design.     Let .]-.[• 

R(v)     be the "true" response curve;   the  response curves considered here '• 

are cumulative distribution functions.    Thus,   the   true probability of .' \ 

response    p      at  stimulus     V       is     R(V  )   .     Next  we  generate a  random '.''','• 

variable,    U.   ,   from a uniform distribution over   (0,1)  and set    X.  =1 9 
1 t 'm. ■ . 

if     U.  ^ p.   ,   and    X,   =  0     if     U    > p     .     Thus  the  outcome   for  a  given '.''.• 

design is a k-dimensional vector of O's and  I's. -.-''/ 

Once    X =   (X.,   X»,   ...,  X.)     is obtained,   the  probabilities of :■   •, 

response,     p.'s   ,   i  =  l,...,k  ,   can be estimated  using  the  approach ','•',••' 

discussed in MS. >'"*•" 

2.2    Estimation of    V 

To estimate  the probability of response,     p,   ,   for  each    V.   , 

i "  1,2 k  , we assign a Dirichlet as a prior distribution  for the 

successive differences    p.,  p.-p   ,   ...,  p.-p.    ,     and  the modal value of 

the joint posterior distribution is a Bayes point  estimate of 

(p.,...^ )   .    The computation of  the modal value of  the joint  posterior 

distribution necessitates  the use of an optimization algorithm;   this  is 

described by Mazzuchi and  Soyer  (1982). 
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The specification of the prior parameters of the Dirichlet 

distribution is also discussed in MS. 

Once estimates of the  Pi's  are obtained, an estimate of  V „, 

can be obtained by constructing an estimated response curve.  The esti- 

mated response curve is a plot of the levels of stimulus  V  , versus 

the  PJ s . the estimated probabilities of response,  i - l,2,...,k . 

Once such a plot is obtained, the interpolation procedure described in 

MS is used to estimate V „, . 

Specifically, for the estimation of V n, , we first see if there 

is an observed stimulus,  V  , for which p. ■ 0.05 .  If so, then V. 

is the estimate of V „, •  If not, the pair of observational stimuli, 

say V.  and V. . , for which p. < 0.05 < p, . , are determined. 

Since the response curve is increasing, the straight line segment 

joining the points 0, p., ..., p., Pj.,. •••. P.. 1 , will be an in- 

creasing function of  i .  We can find the value of the stimulus, say 

^ 05 * Vi "^ ^ 05 < Vi+1 ' for which P = 0'05  (as indicated in Fig"« 1), 

2.3 Comparison of Designs 

The goal of our analysis is to select a design,  (V.,...,V.) , 
X        K 

which will provide a "good" estimate of V _, . 

In order to determine an optimal choice of the k distinct 

levels of stimulus, we consider different designs, and first obtain an 

estimate of V __  for each design.  Let  (V^, ..., Vj:)  denote design 

j ; the superscript j  indicates a particular design.  Once a j  is 

chosen, we obtain X = (X^, ..., X.)  using the approach discussed in 
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Interpolation procedure, 

Section 2.2.  Then via the estimated response curve, we obtain an esti 

mate of V „, , say v _,. .  Since the "true" response curve is assumed .05 ,05 

JJ to be known, the estimate V _,  can be compared with the true value of 

v.05 * 

If the above procedure is repeated for a different design, a 

different response curve is estimated. The various estimated response 

curves provide us with different estimates of V „,. , and we need to 

determine which of the designs gives us estimates which are closest to 

is obtained by simulation, different replications of  XJ  can be ob- 

tained by using different seeds in the simulation. 

V -c .  Note that, since the outcome X = (X^, ..., X^)  for design j 

J 

.-'. v v. .•.'. ■ 
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not be good for R, (v) , i ?* k .  This possibility has also been consid- 

ered in our analysis. 

SUMMARY 

R^v^ = 1 - exp] H l00  i ) ' 
2 

where V „r = 22 
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Let  N be the number of replications which are analyzed for de- 

sign  J .  For each replication of  X  , a different response curve is 

estimated and therefore a different estimate of V ., , say  V 0c(^) i 

is obtained.  Since we know the true value of V , , the mean squared 

error (MSE) for design J is  computed as 

»    N   M 2 
MSE-1 =  i   (vJ

05w - V r • 
e=i 

The MSE for each design can be obtained and a comparison of the ;.-'..-Vl^j. 

MSE's provides us with a criterion for selecting a good design.  The •w.'-\-'y-y 

design with the minimum MSE is a good design for a known response curve, 

say  R.(v) .  It is possible that a design which Is good for  R.(v)  may 

■■•»-. »'»^ 

»     • 

■ '•'&> 
• " • " • '> , 

' . « • C ^. I 

The approach we presented in Section 2  is  applied to some simu- .^S"/- •!"'" 

lated data in the next section. * -* -*^ 

Three different "true" response curves are selected.  These •"/-'I'«".'-'" 
■. • - • _ •. 

curves are chosen in such a way that they will provide us witn different 
>>•-: 

values of V _, • ( 

The first response curve is specified via a Weibull distribution 

function, 

.%, 

The  second  is via a  lognormal  distribution  function, ■'V'VN'-, 

05 =  22   • ■■H'' 

■■>/-•.>-., 

I • j 
■>■.-■•; 
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R2(vi) - * 
loge vi 4.50 

where  V .05 0.3J 

and  ♦ denotes the standard normal distribution function. 

The third response curve considered is also a lognormal distribu- 

tion function, which gives V ,. = 10 ; that is, 

log v - 3.3 

I 

Five different designs are selected and analyzed. 

Design 1 — the k observations are distributed evenly over the 

entire interval of the range of testing, say I . 

Design 2 — all the  k observations are concentrated on the 

left-hand half of I . 

Design 3 — all the k  observations are concentrated in the 

center of I . 

Design A — all the k observations are concentrated on the 

right-hand half of I . 

Design 5 — the  k observations are sequentially obtained in 

three different phases. 

The value of k is (arl  rarily) chosen as 12, and due to the 

expense of simulation, ten different replications of  X  are considered, 

The MSE's for each design based on the ten replications are com- 

puted, on the basis of which it is felt that Design 3 is a suitable de- 

sign for the estimation of v ^5 ' 

•"•!•■•"' 

•      c 

v? :v:.-:v 

••-■•-.■••S-N 

•      • 
,'* • — • - rt » » ' 

". -. ". *i "J 

A..-.;.-".-.-.-. 

.'^ ■-•••.'.^ 

• • 

.* j" .* .• > 
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4.  APPLICATION TO SOME SIMULATED DATA 

The three "true" response curves discussed in Section 3 are 

analyzed separately in this section.  These response curves are illus- 

trated in Figures 2, 3, and A.  A replication, simulated from each of 

these response curves, is presented in the Appendix for illustration. 

We assume that the probability of a response at a striking veloc- 

ity of 300 is almost 1. Thus we make ao arbitrary choice for our best 

prior guess of p. , say p* , by letting p* ■ 1 - exp[-0.0307 V.] . 

The prior parameters are chosen as described in MS.  In our analysis the 

smoothing parameter is chosen as  ß ■ 10 . 

The five different designs presented In Section 3 will be used in 

the analysis.  In the first four designs, the penetrator Is tested in a 

single phase.  In Design 1, the 12 observations are taken equally spaced 

over the entire range of testing, (0,300).  In Design 2 all 12 observa- 

tions are taken equally spaced on the left-hand half of the interval 

(0,150).  In Designs 3 and 4 the 12 observations are taken equally 

spaced in the center, and on the right-hand half of the interval, 

respectively. 

The sequential design. Design 5, consists of three phases.  In 

the first phase, six observations are taken equally spaced over the 

entire range of testing.  Ten different replications of the outcome 

vector,  X , are examined and the experimenter tries to identify two 

regions:  one region where the outcome is zero and another where the 

outcome is one most of the time.  Once these two regions are determined, 

the experimenter has knowledge about the region where the response is 
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Figure 2.  Weibull response curve. 
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Figure 4.  Lognormal response curve II. 

most likely to change.  In phase I of the experiment a new response 

curve is also estimated, and this curve provides the prior values of 

p.'s  for the second phase.  In the second phase, three observations are 

taken, equally spaced over the region where the response is most likely 

to change, as is indicated by phase 1 and a new response curve estimated 

based on these observations and the prior (the posterior from phase 1). 

In the final phase of the experiment, the remaining three observations 

are taken on the left-hand end of our best guess based on phase 2 and a 

new response curve is estimated using these observations and the prior 

(the posterior from phase 2).  The estimate of V „,  is obtained by 

using this updated response curve. 

The outcomes of the five different designs are presented in the 

Appendix, Tables A.l - A.3. 
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A.1    Analysl,   for  the Welbull   Response  Curve 

The   first   response curve  that   is  considered   Is  a Weibull   distribu- 

tion  function  for which    V ...  ■  22   .     The outcome  vector,     X       for 

j   =  1,...,4   ,   is  simulated using  this   response  curve.     Ten  replications 

of  the outcome  vector  are obtained   for   each design.     One of   these   repli- 

cations  is   piesented  in Table A.l of   the Appendix.     The procedure   that 

was  discussed  in  Section  2.2  is adopted  and   the  estimates  of    V  „,     arc 

obtained.     The  "true"  response  curve  and   the  estimated  response  curve 

are  plotted   in  Figures  5,   6,   7,   and  8   for one  replication,   and  presented 

in Table  A.l.     The  estimates of    V n.     are obtained  from  these  figures. 

;1 
For Design 1, the estimate of V „,  is obtained as V ,,, A  from the 

estimated response curve in Figure 5.  Similarly, the estimates of  V 
.05 

for Designs 2, 3, and 4 are obtained as  V ,. = 4 , V n, = 10 , and 

A4 
V.05 = L6 • 

For the sequential design, the response curve that is estimated 

in the first phase is presented in Figure 9 for the replication presented 

in Table A.l.  The response curves estimated in phases 2 and 3 are 

plotted in Figures 10 and 11, respectively.  The estimate of V    is 

^5 
obtained from Figure 11 as V _,. = 8 . 

A 1 
Once the V     ^(i)     values are obtained for i  = 1,...,10  for 

Design j , MSE can be computed as: 

10 
MSEJ 

J. MSE    s  for   the  Weibull  response  carve  are  presented  in Table  1. 
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Table 1. MSE's for the 
Welbull Response Curve 

Design MSE 

1 360.1 

2 320.2 

3 126.2 

A 36.0 

5 (sequential)   196.8 

The minimum MSE is obtained when Design 4 is selected; that is, 

when all k observations are concentrated in the right-hand half of the 

interval of the range of testing. The second lowest MSE is obtained 

when all k observations are concentrated in the center of the interval 

of the range of testing. 

4.2 Analysis for the Lognormal Response Curve I 

The second response curve is a lognormal distribution function 

where V n, ■ 52 . Again ten outcome vectors, X s , are simulated for 

Aj i each design. The response curves are constructed and V s are ob- 

tained.  The estimated response curves can be observed from Figures 12, 

13, 1A, and 15 for Designs 1, 2, 3, and A, respectively, for a single 

1 9 
replication. The estimates of V „ are V _ = A , \f   = 5 , 

V nR ■ 11 , and V 0e = 18 from the corresponding figures. 
.05 

For  the sequential design.  Design 5,   the response curves  esti- 

mated  in phases 1,   2,  and  3 are plotted in Figures 16,   17,   -and  18,   re- 

^5 
spectlvely.    The estimate of    V _-     is obtained as    v n«; =  ^    from Figure  18, 
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Table 2. MSB's for the 
Lognormal Response Curve I 

Design    MSE 

1 2313.7 

2 2209.0 

3 1714.2 

4 1142.8 

5 1981.1 

The MSE's computed for the lognormal response curve are presented 

in. Table 2. As we can observe, the minimum MSE is obtained when Design 

4 is selected. The second lowest MSE is obtained for Design 3. 

4.3 Analysis for the Lognormal Response Curve II 

The third response curve is also a lognormal distribution func- 

tion, where V -r = 10 . The outcome vectors are simulated and the 

response curves are estimated as in the previous sections. The V „,. 

values are obtained using the estimated response curves for each design. 

The estimated response curves can be observed from Figures 19 — 22 for 

Designs 1, 2, 3, and 4 for a single replication.  The estimates are ob- 

tained as v|05 = 2 , V^05 = 3 , V^05 = 10 , and V^ = 19 . 

For Design 5, the estimated response curves for phases 1—3 are 

presented in Figures 23 - 25. The estimate of V _, is obtained as 

V _ = 3 for the sequential design, 
• KJJ 
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Table 3. MSE's for the 
Lognormal Response 

Curve II 

Design    MSE 

1 53.7 

2 55.0 

3 0.4 

4 144.0 

5 46.8 

'. V 

1. 

The MSE's for the second lognormal response curve are presented 

in Table 3. We can observe from Table 3 that the minimum MSE is ob- 

tained for Design 3, where all 12 observations are concentrated in the 

center of the interval of the range of testing. The MSE obtained for 

Design 4 is the highest among them all. This indicates that the form of •.•'" 

the "true" response curve affects the results significantly. >; 

5.  CONCLUSION >>, 

The application of our approach to simulated data from three 

types of response curve indicates that the shape of the "true" response '/-' 

curve is a significant factor in the evaluation of the estimate of V _. '■'.•' 
V 

In real life, the "true" response curve is never known; therefore the ■»'' 

experimenter should select his design based on his prior knowledge of /."• 

the problem. Depending on the shape of the "true" response curve that is "v 

unknown to us, the V _-  level might be underestimated or overestimated. v-- 

ft 90 .//.-; 
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for u given design, which i~ ur,ucsi~~ble. 
I 

Th~ results obtained i~ 

Section 4 indicate that Desigu :t, where all lt observatiops are conce::n-

trated in the left-hand half oi the interval of the range of testing, 

has a tendency to underestimut:u v.OS . On the other hand, Dosiun 4 hu~:~ 

a tendency to overestimate v.OS For the response curve that is ' con-
I 

aiuttruu :ln !:;uct:lun t,. 3, thh; c;nwuu u hiuh MSU for Dos:l.un 1,. 'l'ho llOtJtJ:l.-

bil:lty of largo discropnnciot-; f:or these two dos~gns mokew thom l undos:l.r­

abl.u. 'J.'ho ro,.Julca of Socc :Lun '' also :l.ndicoto that Dowiun l, whoru c~U 

k obRervations .ore concentr.ntod in the center 1 gives ·better eatimntos 

of V 0 ,. :ln ~onor.ul. 'l'ho d'l.m:r.upnnc:l.o~:~ duo to ovo-rowtimation or under-
• :J 

ostiwation ore not la-rge. 'l'h.J.s makes Deaisn 3 mo-re desirable than the 

others. 

Howeve-r, one should noto that the-ro is tho difficulty of deter-

aat:l.ninu tho region where · tho I' ob~:~orvotionw will bo concunt-rotud. lf 

the expe~iment has to be performed in a ainale phaae, th~a reaion can 

be detaruained by using pease iuforwotion available to thu invowt:i.~utu ·r. 

Another posaibility iH to chuo~-;o tho widdle portion o~ the intorvul of 

the ranuo of testing. 

On the basis of the . analy~:~:i.a made, we can conclude that u dotdgn 

whores the ob~:~ervat:l.on~:~ . aru cuncunLa:ated ia~ ·.a region thut l>rovidas ctu.: 

experimental' with more infor&uucion is suitable for thi"s problem. 'l'hoo.· .... -

fore, in our analys;L's• .Uol:iil~" :J lu l:iUQQUHtc.:sd aw u uuitablo dosiun Cur tho 

estiumtion of v. 05 • Uowuvcr, onu should recall that the uoloctiun of 

tho douiun auul:it ulwuy~-; bu mauu un thu busiw uf lH"ior infurma.ciun t:huc 

is ·uvnilable to the experi.mu1d:or. 
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